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Abstract:  
We investigate the properties of Josephson junction networks with inhomogeneous architecture. The 
networks are shaped as “square comb” planar lattices on which Josephson junctions link 
superconducting islands arranged in the plane to generate the pertinent topology. Compared to the 
behavior of reference linear arrays, the temperature dependencies of the Josephson currents of the 
branches of the network exhibit relevant differences. The observed phenomena evidence new and 
surprising behavior of superconducting Josephson arrays as well as remarkable similarities with 
bosonic junction arrays. 
  
 
Macroscopic Quantum Coherence occurs in a variety of physical systems such as Bose-Einstein 
condensates of atomic gases (1-3), superfluid Helium (4,5), superconductors (6,7), solid-state 
mesoscopic systems (8-12) and cold atoms in optical lattices (13-15). In this area, Josephson Junction 
Networks (JJN) are by now the prototype of a versatile solid-state system, which - by acting on a few 
control parameters - may be used for the engineering of a variety of macroscopically quantum states 
(16-19). Very often the JJN that have attracted attention for modelling of superconductive systems have 
been planar arrays obtained by closing superconducting loops by point Josephson junctions (16). This 
kind of arrays have been very helpful and provided much physical insight, for example, in the physics 
of granular superconductors; series arrays of junctions instead have provided important and useful 
devices in superconductive electronics (7) . In this paper we shall provide experimental evidence for 
the fact that in JJN with non-conventional architecture, containing no superconductive loops and made 
by different branches in which the junctions are series-connected,  the network’s topology (i.e. the way 
in which the superconducting islands of the array are coupled together by  the Josephson junctions) 
plays a key role in determining new and unexpected properties of the array.  
We have fabricated JJN with comb-like topology (see Fig.1) using a reliable niobium trilayer 
technology (20). The individual Josephson junctions forming the array have a 5x5 or 4x4 µm2 area and 
critical current densities ranging from 30 to 50 A/cm2, resulting in a relatively large capacitance 
(C∼2pF) and Josephson critical current Ic∼10µA (see Fig.2a). In this limit one can safely neglect the 
charging energy Ec with respect to the Josephson energy Ej: CeEc 2
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(being e  the electron charge and h  the Plank constant). In Fig. 1b we show an optical image of a 
fabricated sample; in the photo we can see the square-comb network on which we have evidenced the 
localization of the Backbone Array (BBA) and the Central Finger Array (CFA). Beside the comb 
network, we have fabricated reference linear arrays called RBA (Reference Backbone Array) and RFA 
(Reference Finger Array) localized very close to the comb structure; the arrays are composed of 
superconducting islands connected to each other in series through Josephson junctions. The comparison 
between the critical currents in the reference arrays and the ones observed in the backbone and finger 
arrays of the square comb is a  relevant tool for our investigation. 
The Current-Voltage (I-V) characteristics were recorded by supplying a bias current to all the junctions 
of the arrays by means of contact pads located at the ends of the individual arrays (BBA, RFA etc.). For 
  
the data acquisition we used an experimental set-up filtered from the external noise, as tested in similar 
Josephson junction measurements.  
The critical current of the reference arrays show a good uniformity as well as a modulation to zero in a 
magnetic field (see inset Fig.2b); these behaviors (7) represent an important indication in favor of the 
good quality of our fabrication process.  
In Fig. 2 we show the I-V characteristics of the BBA (black line) of the network compared with the 
reference array, RBA (red line), at two different temperatures. Since the junctions are current-biased in 
series, the voltage readout across the whole array shall be the sum of the individual junction voltages. 
The switches of the first 10 junctions in series are enlarged in the inset of Fig.2a; the inset shows how 
the number of junctions in the array can be determined by counting the number of voltage jumps 
contributing to the gap voltage sum of the series connection. It is worth noticing that each voltage jump 
is roughly 2.7 mV, corresponding to the gap value of a single junction: we stress that the junctions 
which are not switched to the gap voltage are still in the superconducting (zero voltage) state. Fig. 2a 
shows that the Josephson critical current of the BBA is systematically higher than the reference one. At 
T=4.2K, the critical current difference between BBA and RBA is of the order of few percents, and, 
thus, it is not so significant; it could be ascribed to fabrication technology margins and related 
uncertainties (although we shall see in the following our uncertainties are lower, see figure 4).  
In Fig. 2b we show, that, at a temperature of 1.2K, the critical current of each junction in the RBA 
array (red line in figure) increases as expected from the BCS-based Ambegaokar-Baratoff temperature 
dependence of the Josephson currents (7), whereas most of the junctions in the BBA show a critical 
current raising significantly above this expected BCS behavior. The two curves are almost identical 
from 0 to 50mV that is the sum of switches to the gap voltage of about 18 Junctions. There are18JJs in 
BBA that have the same critical current than 18JJs in the RBA. The remaining 54JJs of the BBA (that 
are still in the zero voltage state) have a critical current higher than the corresponding JJs in the RFA. 
Upon increasing the bias current also these junctions  switch to the gap voltage manifesting a larger Ic 
in comparison to the linear array. In particular after the switching from the superconducting state to the 
gap branch of approximately 32 JJs (corresponding to about 90mV), the difference in critical current 
between the remaining JJs in BBA and RBA is about 15%. There are, then, 40 JJs which are still in the 
superconducting state with a critical current about 15% higher than the ones in the reference array. We 
believe that some junctions in the BBA do not display the current rise most likely because our square 
combs have a finite size and the junctions with low critical currents are located at the edge of the comb. 
From the data shown in Fig. 2b we can quantitatively estimate the critical current enhancement in the 
  
BBA introducing the parameter F defined as 
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= , resulting in about 15% at T=1.2 K. 
Here, ( )RBAcBBAc II  is the average value of the critical current of BBA (RBA) and it is computed 
excluding the first 20JJs (the junction having a lower Ic, similar to the RFA due to the finite size of the 
square comb). This estimate, repeated for all our samples, provides an average result for the 
enhancement fraction F of 13% with a 5% scatter around the average. Although the scatter around the 
average can be ascribed to uncertainties in fabrication and measurements, a difference of average 
critical current between the BBA and the RBA of 13% can only be attributed to new effects induced by 
the network topology. 
In Fig.3 we display the I-V curves for the CFA of the network and its linear reference array RFA. In 
Fig. 3a we observe (similarly to what we see in Fig. 2a) that the Josephson current of the CFA does not 
differ significantly from the RFA at T= 4.2 K. In Fig. 3b, instead, we show that, at T=1.2K, the critical 
currents of junctions in the CFA undergo a non uniform variation. Moreover, we see that, at T=1.2K, 
most of the junctions in the CFA have critical current values lower than the RFA: thus, lowering the 
temperature, leads to opposite behaviors for the BBA and for the CFA. Most of the junctions in the 
CFA show an increase of the critical current smaller than the one expected from the Ambegaokar-
Baratoff equation; in addition, a few junctions have a critical current at 1.2K lower than the lowest 
recorded at 4.2K. We note that, instead, the RFA follows the Josephson current increase predicted by 
the BCS theory for a linear chain. From the comparison between Fig. 2b and Fig. 3b we can say that 
the topology induces in the network a new temperature behavior, namely: at low temperature, Ic , 
increases along the backbone direction while it decreases along the fingers of the comb. The data 
presented are well representative of a behavior that has been observed in all the ten samples which we 
measured and characterized. 
From the reported evidences we have no doubt left that the observed effects are due to the peculiar 
topology of the network. However, as a further check of the reliability of our measurements we 
performed an additional experimental test. The goal of this test is to provide a measurement of the BBA 
and CFA when these are isolated from the remainder of the network; for this purpose, using 
lithographic techniques, we removed in three samples all the fingers from the comb network. Re-
measuring the Josephson currents in these samples after the cutting process, we find again that the 
current of the RBA follows the BCS predictions at all temperatures (from 4.2K to 1.2K) but now the 
  
same happens the isolated BBA whose characteristic remains always identical to the one of the RBA 
(see Fig.4). Thus, the recorded differences of the Josephson critical current between the BBA and RBA 
disappear when the BBA is isolated from the surrounding network a result very well evidenced in Fig. 
4. After the fingers removal, the critical current of both arrays (RBA and BBA) displays no significant 
differences both at 4.2K and 1.2 K: the different behaviors exhibited by the BBA and RBA shown in 
Fig. 2b can be solely attributed to the comb topology. We also applied the same lithographic procedure 
to the CFA obtaining similar results: measuring the I-V curves of the finger isolated from its 
surrounding we find that the temperature behavior of CFA is identical to that of the reference array. 
Our experiments show remarkable similarities with behaviors expected to be observed for the systems 
of ultracold atoms, arranged in inhomogeneous comb-shaped optical lattices, analyzed in refs.18,19. 
An accurate quantitative explanation of the data presented in this paper should be sought within the 
framework of other theories/models specific of the superconducting state provided that one is able to 
tackle carefully the new effects induced by the existence of the hidden spectrum in a comb-graph.  
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Figure 1 (Color online) a) Schematic drawing of a square comb array. The superconducting islands 
(full rectangles in the figure) are connected to each other in series through Josephson junctions JJ 
(crosses in the drawing). A central array named backbone array (BBA) is connected to linear arrays 
(fingers) perpendicular to it; there are no connections between fingers, except through the BBA. The 
black curve sketched in the figure represents the qualitative behavior of the ground eigenstate of the 
boson hopping Hamiltonian, having the maximum on the backbone(18,19). b) Optical microscope 
pictures of a fabricated sample. The Central Finger Array is referred as CFA. Linear arrays used as 
references (RBA and RFA) located very close to the junction network are also shown. In the inset the 
detail of a BBA region is well visible. 
 
Figure 2 (Color online) Current-voltage characteristics for the BBA (black curve) and RBA (red curve) 
including JJ with area A=5x5µm2 a) measured at T= 4.2 K and b) measured at T=1.2 K. The x-axis 
represents the measured voltage of  the series array of 72 junctions. The inset of Fig.2a shows a 
magnification of the critical current switching of the first 10 junctions in the 5x5µm2 array whereas the 
inset in Fig. 2b reports the magnetic pattern of the two arrays (circles and squares) showing a 
modulation to zero for both arrays (black line is the theoretical sinx/x behavior)  
 
Figure 3 (Color online) Current-voltage characteristics for the Central Finger array, CFA (black 
curve), and the reference arrays, RFA (red curve), with junction area A= 5x5µm2 a) measured at T=4.2 
K and b) measured at T=1.2 K.  The insets show a magnification of the critical current switching of the 
first 10 junctions in the 5x5µm2 CFA at the T=4.2K and T=1.2K. Note the at 1.2K the lowest Ics of 
CFA are lower than the lowest Ics recorded at 4.2K on the same array. 
 
Figure 4 (Color online) Current-voltage characteristics of the same chip shown in Fig. 2 after removing 
the fingers from the comb network. The black curves represent the BBA after it has been isolated from 
the remainder of the network, and the red curve represents the RBA response during the same 
measurement run. a) I-V curves measured at T= 4.2K and b) at T=1.2K. 
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